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The magnetic-field-induced birefringence in a ferrofluid composed of spherical cobalt nanoparticles has been
studied both experimentally and theoretically. The considerable induced birefringence determined experimentally
has been attributed to the formation of chains of nanoparticles. The birefringence has been measured as a function
of the external magnetic field and the volume fraction (f ) of nanoparticles. It is quadratic in f as opposed to
the Faraday effect, which is linear in f . Experimental results agree well with the theoretical model based on a
simple density functional approach. For dilute solutions the experimental results can be explained by assuming
that only dimers of nanoparticles are formed while the concentration of longer chains is negligible.
DOI: 10.1103/PhysRevE.87.062322 PACS number(s): 82.70.−y, 75.75.−c, 78.20.Ls, 78.67.Sc
I. INTRODUCTION
Magnetic fluids [1–4], called also ferrofluids, are colloids
that consist of ferromagnetic nanoparticles dispersed in a liquid
host. During the past four decades ferrofluids have been under
intensive study, since they can be used in several mechan-
ical and electromechanical devices. Currently they attract a
particular interest because of their biological applications.
Ferrofluids can easily be manipulated by an external magnetic
field, and thus they can be used for precise drug delivery and
in hyperthermia applications (see, e.g., [5,6] and references
therein). They also have large potential for applications in
optical devices [7], such as tunable beam splitters [8], tunable
gratings [9], interferometers [10], and optical logic devices
[11]. They are also used in fiber optics including optical
fiber modulators, optical filters, and fiber sensors, in which
the ferrofluid is used as a fiber cladding or coating [12,13].
Recently, the fabrication of the magnetic-fluid core fiber was
reported as well [14].
The most common optical effects which may be tuned by an
external magnetic field are optical activity and birefringence.
Both induced optical activity (Faraday rotation) and induced
birefringence (Cotton-Mutton effect) of ferrofluids have been
studied extensively. The induced birefringence results from the
anisotropic shape of nanoparticles or/and formation of chains
of nanoparticles. If birefringence is due to the anisotropic
shape of particles, it increases linearly with increasing vol-
ume fraction of nanoparticles, as has already been shown
experimentally for cobalt ferrite [15], maghemite [16], nickel
ferrite [17,18], and magnetite [19] ferrofluids. Nanoparticles
can also form chains. Chain formation presents another source
of anisotropy in the ferrofluid, but if nanoparticles have
anisotropic shape, chains affect the birefringence only when
the volume fraction of nanoparticles is high enough [20].
However, if the ferrofluid is a suspension of spherical cobalt
nanoparticles in organic liquids such as toluene or cyclohexane
[21,22], the only source of anisotropy is due to chains of
*Corresponding author: jacek.szczytko@fuw.edu.pl
nanoparticles. While the formation of particle chains has been
discussed already in 1970 [23], it has been only recently
confirmed by direct experimental observation [24–26]. It has
been suggested that the chain length increases with increasing
magnetic field [27–31], the effect being important only if the
volume fraction of nanoparticles is sufficiently high. In dilute
systems of nanoparticles of the size of the order of 10 nm
one can expect only a small volume fraction of two-particle
dimers [32]; their volume fraction increases with increasing
magnetic field [33,34]. Besides being theoretically predicted,
particle chains in very dilute samples were obtained also by
Monte Carlo numerical studies [35].
In this paper we present measurements of magnetically
induced birefringence in ferrofluids composed of spherical
cobalt particles dispersed in cyclohexene. Very dilute solutions
with volume fraction of nanoparticles (f ) lower that 10−4
have been studied. The dependence of birefringence on the
magnitude of the external field and on the concentration
of nanoparticles is investigated. Experimental results can
be explained by the formation of nanoparticle dimers, thus
confirming the theory. Both theory and experiment show
that the induced birefringence increases as f 2, while in the
case of nanoparticles with anisotropic shape, the birefringence
increases linearly with f .
II. THEORETICAL CONSIDERATIONS
A. Volume fraction of dimers
To estimate the volume fraction of dimers we use the simple
density functional approach [23,32–34]. The concentration of
dimers depends on the competition between the reduction in
energy due to the formation of a dimer and the reduction in
entropy associated with the pair formation. When a dimer is
formed, the energy reduces by kBT S0, where in the case of
very weak external magnetic fields
S0 = ln
[
1
3U 30
e2U0 (1 − e−U0 )
]
(1)
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and in the case of a strong external magnetic field
S0 = ln
[
1
3U 20
e2U0
]
. (2)
The parameter U0 is the ratio between the magnetic interaction
energy of two magnetic dipoles and the thermal energy kBT :
U0 = μ
2μ0
4πd3kBT
,
where μ is the magnetic moment of one nanoparticle, μ0 is the
magnetic constant, and d is the distance between the dipole
centers, which we shall take to be equal to the average diameter
of nanoparticles including the surface organic coating.
The general expression for the free energy (F ) of a
suspension including chains with N nanoparticles is
F
kBT
= −
∞∑
N=1
(N − 1)S0ρ(N ) +
∞∑
N=1
ρ(N )[ln ρ(N ) − 1]
+ λ
∞∑
N=1
Nρ(N ).
The first term presents the reduction in free energy due to the
formation of a chain with N particles. The reduced number
density ρ(N ) is the number density multiplied by the volume of
one nanoparticle. The second term is the reduction in entropy
due to the formation of the chain. The last term with the
Lagrange multiplier λ enforces the condition that the number
of nanoparticles is constant:
∞∑
N=1
Nρ(N ) = ρ0, (3)
where ρ0 is the reduced number density of all nanoparticles.
The minimization condition ∂F/∂ρ(N ) = 0 gives
ρ(N ) = exp{(N − 1)S0 − λN}. (4)
In dilute solutions and for small nanoparticles with radius
up to 10 nm only chains of two particles need to be considered,
so the condition (3) reads
ρ(1) + 2ρ(2) = ρ0. (5)
When Eq. (4) is used in Eq. (5), one obtains the condition for
λ:
e−λ = −1 +
√
1 + 8ρ0eS0
4eS0
≈ ρ0,
where we have assumed very low number densities of
nanoparticles: 8ρ0eS0  1. Finally, the number density of the
dimers is
ρ(2) ≈ ρ20eS0 . (6)
Expressing the result (6) in terms of the volume fraction of
all particles (f ) and the volume fraction of dimers [f (2)] and
using Eq. (1) we find the volume fraction of dimers in a zero
external field:
f (2) ≈ 2f 2 e
2U0
3U 30
(1 − e−U0 ) (7)
and the volume fraction of dimers in a strong external magnetic
field:
f (2) ≈ 2f 2 e
2U0
3U 20
. (8)
In the case of nanoparticles with a diameter (including the
surfactant coating) of d = 13 nm with a magnetic moment of
6 × 104 Bohr magnetons we find U0 = 3.4 (at T = 300 K).
If the volume fraction of nanoparticles is of the order of
f ∼ 10−4 then one can expect 1 or 2 dimers per 103 monomers
at zero field and approximately 5 dimers per 103 monomers
in a strong external magnetic field. From Eq. (4) we can
also calculate the number density of three-particle chains and
confirm that it is negligibly small.
III. DIELECTRIC TENSOR OF A FERROFLUID
Optical properties of composite materials can be expressed
by the effective dielectric tensor εeff , which includes infor-
mation on the optical properties of the host and inclusion
(nanoparticles). Although the mixture is also optically active
[22,36–38] we shall focus only on birefringence, and the off-
diagonal terms in the dielectric tensor can be neglected. When
calculating the expression for the dielectric tensor we have to
include the possibility of the spherical nanoparticles forming
chains. While these chains are not significant in explaining the
Faraday rotation in dilute solutions of nanoparticles, they have
a huge effect on the birefringence, because of their anisotropic
shape.
For an external field applied along the z axis the effective
dielectric tensor is written as
εeff =
∣∣∣∣∣∣∣
εeff1 0 0
0 εeff1 0
0 0 εeff2
∣∣∣∣∣∣∣ .
The host is optically isotropic in a zero external field and it
becomes birefringent in a nonzero external magnetic field. The
dielectric tensor of the host, εhost, is thus expressed as
εhost =
∣∣∣∣∣∣∣
εh1 0 0
0 εh1 0
0 0 εh2
∣∣∣∣∣∣∣ .
The dielectric tensor of the Co nanoparticles (inclusion) is
anisotropic since particles are magnetized having internal
magnetic field already built-in. The elements of the dielectric
tensor are obtained from the Drude model. However, the
effect of the internal and external magnetic field on the
diagonal elements of the dielectric tensor expressed in the
eigenframe of a nanoparticle turns out to be negligible. The
theoretically predicted birefringence which results from the
anisotropy of spherical nanoparticles due to the external
magnetic field is several orders of magnitude smaller than
the measured value. Therefore we assume that the diago-
nal elements of the dielectric tensor of inclusion are all
equal to
εi = 1 + i(ωpτ )
2
ωτ (1 − iωτ ) ,
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where ω is the frequency of light, ωp is the plasma fre-
quency, and τ is the characteristic lifetime of momentum
relaxation.
Since we are interested in birefringence only, we can also
neglect the off-diagonal terms, which are always very small
compared to the diagonal terms and are important only when
Faraday rotation is considered.
We shall thus attribute the birefringence solely to the
formation of nanoparticle chains. In the first approximation
a short chain of nanoparticles can be described as an inclusion
of ellipsoidal shape, the ratio between the long and the short
axis being simply the number of particles in the chain. To
find the effective dielectric tensor we use the fact that in our
system the volume fraction of nanoparticles is very small,
of the order of 10−4 or less. As shown in the previous
section only dimers can be expected at such low densities.
The effective dielectric tensor of the mixture can then be
approximated as
εeff = εhost +
ρ(2)
ε0
〈αi〉θ,φ,
where 〈αi〉θ,φ is the dimer polarizability averaged over all
possible orientations of dimers.
For a dimer with its long axes along the external magnetic
field the polarizability is expressed as
αi =
∣∣∣∣∣∣∣
α⊥ 0 0
0 α⊥ 0
0 0 α‖
∣∣∣∣∣∣∣ = αI +
α
3
∣∣∣∣∣∣∣
1 0 0
0 1 0
0 0 −2
∣∣∣∣∣∣∣ , (9)
with α = (2α⊥ + α‖)/3, α = α⊥ − α‖, and
α⊥ = (εi − εh)
εh + (εi − εh)L⊥ ε0εhVi
and
α‖ = (εi − εh)
εh + (εi − εh)L‖ ε0εhVi,
where Vi is the volume of a dimer and εh is the average value
of εh1,2. L⊥ and L‖ are the depolarization ratios that satisfy
the condition L‖ + 2L⊥ = 1.
The average polarizability 〈αi〉θ,φ is calculated as
〈αi〉θ,φ =
1
Z
1
4π
∫ 1
−1
d cos θ
∫ 2π
0
dφ RαiR
T exp(x cos θ ),
where R is the rotation matrix and Z = −(sinh x)/x is the sta-
tistical sum with x = μ(2)Bext/kBT and μ(2) being the mag-
netic moment of a dimer. Performing the integration one finds
〈αi〉θ,φ = αI +
α
3
∣∣∣∣∣∣∣
p1 0 0
0 p1 0
0 0 −2p1
∣∣∣∣∣∣∣
with
p1 = 1 − 3L(x)
x
,
where L(x) = coth x − 1/x is the Langevin function.
By defining the volume density of dimers as f (2) = ρ(2)Vi
the following expressions for the elements of the effective
dielectric tensor are found:
εeff1 = εh1 + f (2)εh(εi − εh)
[−2 + 3L⊥ + p1(1 − 3L⊥)]εi − [1 + 3L⊥ + p1(1 − 3L⊥)]εh
3[L⊥(εi − εh) + εh][2L⊥(εi − εh) − εi] (10)
and
εeff2 = εh2 + f (2)εh(εi − εh)
[−2 + 3L⊥ − 2p1(1 − 3L⊥)]εi + [−1 − 3L⊥ + 2p1(1 − 3L⊥)]εh
3[L⊥(εi − εh) + εh][2L⊥(εi − εh) − εi] . (11)
The result given by Eqs. (10) and (11) is the same as the
result derived by Rasa [39,40] for solutions of particles with
anisotropic shape, if the limit of a small volume fraction of
particles is considered.
The dielectric anisotropy ε = εeff2 − εeff1 is
ε = εh2 − εh1
+ f (2) εhp1(εi − εh)
2(3L⊥ − 1)
[L⊥(εi − εh) + εh][2L⊥(εi − εh) − εi] . (12)
The anisotropy is zero if there is no external field
(p1 = 0, εh1 = εh2) and it equals the anisotropy of the host
material if (i) the particles are spherical (L⊥ = 1/3), (ii) there
are no dimers [f (2) = 0], (iii) and the inclusion has the same
dielectric constant as the host [(εi − εh) = 0].
The elements of the dielectric tensor are related to the
ordinary no and extraordinary ne refractive indices and in the
limit of small birefringence n = ne − no it can be shown
that
n ≈ 1
2
Re(ε)√
εh
.
The birefringence due to the dimers is thus
n ≈ 1
2
f (2) p1√
εh
× Re
( (εi − εh)2(−3L⊥ + 1)
[L⊥(εi − εh) + εh][2L⊥(εi − εh) − εi]
)
. (13)
Since n is proportional to the volume fraction of dimers,
f (2), it is thus proportional to f 2eS0 [see Eq. (6)], i.e., to
the square of the volume fraction of nanoparticles, and it
increases with increasing volume of a nanoparticle. If the
volume fraction of dimers is replaced by the volume fraction of
all nanoparticles, Eq. (13) gives the birefringence in ferrofluids
that contain nanoparticles of anisotropic shape [15].
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IV. EXPERIMENTAL SETUP AND MEASUREMENTS
Cobalt nanoparticles were obtained by the high-
temperature decomposition of an organometallic precursor—
octacarbonyldicobalt, Co2(CO)8—in a o-dichlorobenzene so-
lution under inert (Ar) atmosphere. To prevent particle aggre-
gation organic surfactants, trioctylphosphane oxide (TOPO)
and oleic acid (OA), were present. The diameter of obtained
particles was controlled by the TOPO/OA ratio used in the
synthesis. Synthesized Co nanoparticles were precipitated
in anhydrous acetone and redissolved in a nonpolar solvent
such as cyclohexane. Particles were spherical, as shown from
high-resolution transmission electron microscopy (TEM). The
metal core diameter was estimated by small-angle x-ray
scattering (SAXS) from particles dissolved in cyclohexane.
The BrukerNanoStar x-ray system with NANOFIT software
was used. The size of nanoparticles was also checked
by TEM. The average diameter of studied particles was
11 nm; the size distribution evaluated from the scattering
data under the assumption of a Schultz size distribution
was ±1 nm.
For the magneto-optical measurements cyclohexene mix-
tures of different concentration of nanoparticles were prepared.
The concentration of nanoparticles was determined by as-
suming that UV absorption increases linearly with particle
concentration.
The setup for measurements of birefringence consisted of
a light source (a He-Ne laser of five lines with wavelengths
of 543, 594, 604, 612, and 633 nm), an optical chopper with
a defined frequency to modulate the beam (to measure the
total light intensity ITot with a lock-in amplifier), and a set of
filters to reduce the intensity of light at the detector. The light
propagated through the first polarizer P1 and then through the
sample placed in the induction coil, generating a homogenous
magnetic field up to 0.4 T. The light transmitted through
the sample was modulated by the photo-elastic modulator
(PEM), working at a basic frequency = 50 kHz and maximal
retardation λ/4. Finally, the light passed through a linear
polarizer P2. Polarizers P1 and P2 were crossed and their axes
were at 45 degrees to the PEM axis. Transmitted light was
detected by a silicon diode and the output signal was analyzed
by using a lock-in amplifier.
Quantitative information about optical properties of a
sample is given by the ratio of the signal intensities at 
(I1) and 2 (second harmonic, I2). The birefringence is
given by
n = λ0R
2πl
,
where λ0 is the wavelength in vacuum, l is the sample length,
and the measured quantity R is given by
R = arctan
(
I1
I2
J2
(
π
2
)
J1
(
π
2
)
)
,
where Jn(π2 ) is the nth Bessel function of the first kind. Bire-
frigence is proportional to the signal I1. The lock-in detection
enables high-sensitivity measurements of birefrigence: R as
small as 10−2 degree/cm can be measured. The retardation of
pure solvent (cyclohexane) is negligible.
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FIG. 1. (Color online) Birefringence (n) as a function of
external magnetic field (Bext) at different volume fractions (f ) of
the nanoparticles. Measurements at the maximum volume fraction
are presented by circles; this concentration was diluted by factors of
2 (diamonds), 4 (squares), and 8 (triangles). The best fit to the data
was obtained at μ(2) = (1.4 ± 0.1)μ, where μ = 6 × 104μB is the
value of the measured magnetic moment of a single nanoparticle. The
wavelength of light is 633 nm.
V. RESULTS AND DISCUSSION
Figure 1 shows the dependence of the measured bire-
fringence on the external magnetic field at different volume
fractions of nanoparticles. The birefringence due to the
cyclohexane is negligible as is the birefringence of spherical
nanoparticles, so the observed birefringence is due to the
dimers. Theoretical curves are obtained by fitting Eq. (12)
to the data with the magnetic moment [μ(2)] of a dimer and
the volume fraction of dimers [f (2)] as fitting parameters. The
wavelength of light was 633 nm. The plasma frequency was
obtained from the measurements of the Faraday rotation [22],
where it was found that ωpτ = 190 ± 6 if τ = 2 × 10−14 s.
For cyclohexane εh = 2.0 and for dimers L⊥ = 0.17. The
temperature was T = 300 K. The best fit of the experimental
data is found at μ(2) = (1.4 ± 0.1)μ, where μ = 6 × 104μB
is the value of the measured magnetic moment of a single
nanoparticle with a diameter of 11 nm (without the coating),
determined from the analysis of Faraday rotation for the
same sample [22]. Our results for the magnetic moment
of a dimer confirm the flexible chain theory by Mendelev
and Ivanov [33], since the magnetic moment of a dimer
should be twice the magnetic moment of a single nanoparticle
if internal orientational fluctuations of particles in a chain
were negligible. Using the expressions derived by Mendelev
and Ivanov we have calculated the zero-field correlation
coefficient (K) between the orientations of the two neighboring
particle magnetic moments in a chain and find it to be
K = coth(U0/2) − 2/U0 = 0.48 (whereas for completely
aligned magnetic dipoles K = 1). The average magnetic
moment of a dimer is then [33] μ(2) = √2(1 + K)μ = 1.7μ.
This value is larger than the one we obtained by fitting;
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FIG. 2. (Color online) Measured birefringence (n) as a function
of the relative volume fraction of nanoparticles (f/fmax), where fmax
is the maximum volume fraction used in the experiments. The black
line presents the dependence n ∝ f 2.
however, the results agree qualitatively and confirm that
internal fluctuations of particles in a chain cannot be neglected.
The volume fraction of dimers has to be fitted at each
volume fraction of nanoparticles. At the largest value of f
(black data points in Fig. 1) we find f (2) ∼ 2 × 10−8 (at
ωpτ = 190). With f ∼ 4 × 10−4 (a value that, unfortunately,
is the least accurate one in our measurement and can be twice
as large or half as large) one thus expects a few dimers per 104
monomers. Using Eq. (7) and U0 = 3.4 (for nanoparticles with
diameter d = 13 nm, including the surfactant coating, and a
magnetic moment of 6 × 104μB) we calculate the theoretical
value for the dimer volume fraction f (2) ∼ 8 × 10−8 at strong
fields. We find qualitative agreement of the volume fractions of
dimers obtained from the experiment and theory. Considering
the crudeness of the model and also the low accuracy in
measuring the volume fraction as well as the fact that there is
also a distribution of particle diameters, we find the agreement
satisfactory.
Figure 2 shows the log-log diagram of the measured
birefringence as a function of the volume fraction of nanopar-
ticles. The solid line presents the fit of quadratic dependence
n ∝ f 2. There are some discrepancies at lower volume
fractions; however, the experimental error is rather large at
very low volume fraction due to the procedure used to prepare
diluted samples.
VI. CONCLUSIONS
We have studied magnetic-field-induced birefringence in
ferrofluids composed of cobalt nanoparticles dispersed in
cyclohexane. The measured birefringence is due to the for-
mation of chains of nanoparticles. Since the volume fraction
of nanoparticles is very low, only formation of dimers can be
expected. The volume fraction of dimers has been obtained
from the measurements of birefringence and it has been
compared with the theoretical prediction obtained from the
density functional approach. The theoretical prediction and
the experimental results agree well, particularly given the
crudeness of the measurements (due to the particle size
distribution and the experimental error in determination of
the volume fraction).
The expected magnetic moment of a dimer was obtained
from the measurements of the birefringence as a function of
the external magnetic field. We find the magnetic moment of a
dimer to be 1.4 times the magnetic moment of a monomer.
This result shows that internal particle fluctuations inside
the chain play an important role, as suggested theoretically
in Ref. [33].
The analysis presented in this paper is valid at very low
volume densities of inclusions. Since we were studying the
optical properties in a 1-cm-thick cuvette, we had to work with
very low concentrations: f ∼ 10−4 and less in order to have a
measurable optical transmittance. At higher volume fractions
of nanoparticles chains of more than two nanoparticles must
be considered as well. For example, at f = 0.05 the number of
dimers is already comparable with the number of monomers
and there is a significant number of chains with higher number
of particles [34], which, at high magnetic fields, are also
expected to form ordered chain phases [41]. In addition to
chains, particles can also form clusters and rings. Zubarev
et al. [42] showed that if the number of particles interacting
is fewer than 5, the concentration of chains is much larger
than the concentration of clusters and rings. They study two-
dimensional ferrofluids and find significant concentrations of
clusters at a volume fraction of nanoparticles equal to 0.14, but
at a volume fraction of 0.03, the volume fraction of clusters
is already significantly reduced. We were studying samples in
which the volume fraction of nanoparticles was from 10−5 to
10−4. Since the experimental results agree well with the theory
that accounts only for formation of chains, we can conclude
that, in such diluted systems, indeed, only two-particle chains
need to be considered.
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